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ABSTRACT

Multivariate Sarmanov Count Data Models

| present two flexible models of multivariate, count data regression that make
use of the Sarmanov family of distributions. This approach overcomes several
existing difficulties to extend Poisson regressions to the multivariate case,
namely: i) it is able to account for both over and underdispersion, ii) it allows
for correlations of any sign among the counts, iii) correlation and dispersion
depend on different parameters, and iv) constrained maximum likelihood
estimation is computationally feasible. Models can be extended beyond the
bivariate case. | estimate the bivariate versions of two of these models to
address whether the pricing strategies of competing duopolists in the early
U.S. cellular telephone industry can be considered strategic complements or
substitutes. | show that a Sarmanov model with double Poisson marginals
outperforms the alternative count data model based on a multivariate renewal
process with gamma distributed arrival times because the latter imposes very
restrictive constraints on the valid range of the correlation coefficients.
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1 Introduction

The absence of a sufficiently flexible multivariate distribution of counts has so far prevented the full infor-
mation estimation of multivariate count data models. Simple analysis such as seemingly unrelated regres-
sions, simultaneous equations models, or models with endogenous regressors remain mostly intractable
whenever several endogenous count data variables are involved.! In the absence of such flexible joint
distribution of counts, applied econometricians have turned their attention to computing intensive mod-
els such as orthogonal polynomial series expansions, e.g., Cameron and Trivedi (1998, §8.5), or moment-
based estimation methods, e.g., Gourieroux, Monfort, and Trognon (1984). However, even the best models
available are difficult to extend beyond the bivariate case, neither they consider any effect of unobserved
heterogeneity other than the well known overdispersion of the distribution of counts. Furthermore, when
correlation of counts is considered, it is generally assumed to depend on the same parameter identifying

the overdispersion effects, therefore restricting correlations among counts to be necessarily positive.

This paper makes use of multivariate Sarmanov distributions with flexible marginals to build two
multivariate count data regression models. The assumed marginal distributions are flexible in the sense that
they can accommodate both over and underdispersion independently of any correlation pattern among the
counts. I build these models using the distributions of the two existing unidimensional count data models
that can accommodate both over and underdispersion: the double Poisson and the gamma count regression
models. I also show that only the double Poisson-Sarmanov model can successfully accommodate multi-
variate counts with non-negligible correlation as the gamma-Sarmanov reduces the viable correlation to a

singleton as soon as one single observation includes a zero count.

It has long been recognized that the Poisson model is generally too restrictive when estimating
univariate count data regressions. Implicit to the Poisson model is the assumption of equidispersion of the
distribution of counts, which is customarily rejected in the data. If the mean does not equal the variance
of the distribution of counts estimates of a Poisson regression are still consistent but inference is no longer
robust, e.g., Cameron and Trivedi (1998, 3.1-3.4). Many models, such as the Negative Binomial regression,
have been suggested to address the existence of unobserved heterogeneity in the data that could explain
the commonly observed overdispersion but not the less frequent underdispersion of the distribution of
counts. Hausman, Hall, and Griliches (1984) even deal successfully with overdispersion in a univariate
panel count data model. However only Efron (1986) and Winkelmann (1995) suggest flexible enough
models to address both overdispersion and underdispersion of the distribution of counts. In particular,

Efron (1986) introduces the double Poisson distribution while Winkelmann (1995) suggests a model based

! There has been some success in dealing with one count and a continuous variable, e.g., Windmeijer and Santos-Silva (1997),
or with a count and a dichotomous variable, Hausman, Leonard, and McFadden (1995).



on a gamma distribution of waiting times that exploits the one-to-one relationship between the properties
of the hazard rate of the distribution of waiting times and the over and underdispersion of the distribution
of events that take place within a given time interval. The two Sarmanov models of this paper assume
either double Poisson marginal distributions of the counts or gamma marginal distributions of the waiting

time underneath a multivariate renewal process.

Dealing with over and underdispersion is the main goal of most developments in the single-
equation count data regression models. Moving towards the multivariate case, the difficulty consists in
building a framework that allows for the most flexible correlation pattern possible among counts. Cameron
and Trivedi (1998, §8) best summarize the difficulties of estimating a multivariate count data regression
model. Kocherlakota and Kocherlakota (1993) present what is perhaps the best known approach to deal
with multiple and potentially correlated counts. They derive a bivariate Poisson distribution resulting
from the addition of a common Poisson component to two independently distributed Poisson variables.
The advantage of this approach —known as trivariate reduction— is that it allows for Poisson marginal
distributions, but it also includes a necessarily positive correlation coefficient with severely restricted range
that characterizes the dependence structure of the count variables. Similarly, Marshall and Olkin (1990)
generate a multivariate count data distribution from mixtures and convolutions of distributions of count
events. The advantage of this second approach is that it allows for the simultaneous existence of unob-
served heterogeneity that leads only to overdispersion and positive correlation of counts. Still, a serious
limitation of all these models is that correlation among counts are necessarily positive because there is a single
source of heterogeneity that explains simultaneously the overdispersion of the marginal distributions of
counts and their correlation.? Finally, the method of moment approach of Gourieroux et al. (1984) does
suffer from the same shortcomings and in addition it does not offer a joint density function that allows
econometricians to integrate a conditional distribution in order to deal with endogeneity and simultaneity

of count dependent variables.

The Sarmanov count data regression models of the present paper have some remarkable features
that overcome most difficulties in extending the existing single-dimensional count data regression models
to multivariate environments. First, it can accommodate both over and underdispersion of the distribution
of counts, therefore addressing a far larger pattern of behavior induced by the existence of unobserved
individual heterogeneity. Second, any correlation sign is allowed, including the possibility of negative cor-

relation among counts, thus reducing the possibility of misspecification.® Third, dispersion and correlation

2 The multivariate Poisson-gamma mixture model of the random effects model of Hausman et al. (1984, §3) is a restricted
version of the model of Marshall and Olkin (1990), while Gurmu and Elder (2000) and Winkelmann (2000) suggest multivariate
negative binomial models. In all these works, only overdispersion is allowed but in the latter two cases, correlation is independent
from dispersion, although necessarily positive.

3 There are other models that allow for correlation among counts of any sign based on the bivariate Poisson-lognormal
distribution of Aitchison and Ho (1989) such as those of Hellstrom (2006), Munkin and Trivedi (1999), or Riphahn, Wambach, and
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of counts depend on different parameters of the model. This is an important property because it adds
flexibility to the model by separating the effect of unobserved individual heterogeneity and correlation
among counts (again reducing the likelihood of misspecification). Fourth, the model can easily be extended
beyond the bivariate case and even serve as a basis for the specification of multivariate count, panel data
models. And finally, the estimation is not particularly time consuming: the likelihood function can always

be written in closed form and there is no need to use simulation methods to obtain the parameter estimates.

The only drawback of the Sarmanov count data regression model is that in order to have a properly
defined multivariate distribution of counts, the range of the estimates of correlations may be smaller than
[—1,1]. Indeed, the range of correlation is effectively bounded by the value of the rest of the parameters of
the model. The estimation thus requires the use of constrained maximum likelihood methods. In order to
deal with the possibility that some of the parameters are on the boundary of these constraints I make use

of rescaled bootstrapping to obtain robust confidence intervals.

Joint demand of countable products or services arise in many individual decision problems such as
medical service, e.g., Munkin and Trivedi (1999) or Riphahn et al. (2003); job changes, Jung and Winkelmann
(1993); types of food, Meghir and Robin (1992); and recreational trips, Hausman et al. (1995), Hellstrom
(2006), or Terza and Wilson (1990). In this paper I study the pricing strategies of competing duopolists in the
early U.S. cellular telephone industry. Back in the 1980s, as it is still today common in many industries, firms
implemented nonlinear tariffs by means of a menu of self-selecting tariff options. In the absence of strategic
considerations, firms will offer the number of tariff plans that is optimal to screen a customer base with
some degree of heterogeneity while compensating for the costs of design and commercialization. In such
a situation, estimating two independent count data regression models would be appropriate. However,
offering numerous rather than few tariff options might carry some strategic value and thus competitors
may respond by offering a similar number of tariff plans in order to match the strategy of competitors. The
significant positive estimates of the correlation among the count number of tariff plans offered supports
the view that the number of tariff options in the early U.S. cellular industry are strategic complements.
Alternatively, a negative correlation would arise if firms use the number of tariff plans as a device to

segment markets and differentiate themselves from each other, but results do not favor such interpretation.

The paper is organized as follows. Section 2 describes in detail the properties of the Sarmanov
family of bivariate distributions. Section 3 presents the bivariate count data regression model based on
a bivariate Sarmanov distribution with double Poisson marginals. Section 4 builds a regression model

using the bivariate counting process generated by a bivariate gamma-Sarmanov distribution of waiting

Million (2003). These models can only address the case of overdispersed counts while estimation has to resort to simulation methods
as the Poisson-lognormal mixture does not have a closed form expression. Gurmu and Elder (2008) obtain a closed form expression
only after considering a first order Laguerre polynomial approximation to the bivariate distribution of unobservables. The Sarmanov
regression models presented in this paper can address both over and underdispersion and are based on a well defined family of
multivariate distributions.



times. Section 5 discusses the multivariate extensions of these models based on the generalization of the
Sarmanov distribution proposed by Lee (1996, §8). I then show that in the case of the gamma-Sarmanov
model, the likelihood of the multivariate count data regression model can be written as sums of products
of single-dimensional integrals. This section presents the trivariate case in detail while the full multivariate
generalization of these models is left to Appendix A. Section 6 briefly discusses the estimation of these
models while details are left to Appendix B. Appendix B also evaluates the robustness of the double
Poisson-Sarmanov estimates with respect to the chosen accuracy of the approximation to its distribution
function, as well as the effect of re-scaling the endogenous variable in the case of the gamma-Sarmanov
model. Section 7 estimates the bivariate versions of these models to analyze the number of tariff plans of-

fered by competing cellular telephone carriers in the U.S. during the mid-1980s. Finally Section 8 concludes.

2 The Sarmanov Family of Distributions

Let yx, k=1, 2 denote two random variables with univariate probability density function fi(yx). In general,

these marginal distributions have support on A; € R and have mean and variance:*

Mk = / viefi(ye)dyy  and  of = / (i — 1)* fe(yi)dyy . 1)

The Sarmanov count data regression models of this paper make use of particular specifications
of the family of bivariate distributions introduced by Sarmanov (1966). This bivariate probability density

function takes the following general form:

fi2(y1,y2) = Aily) f2(y2) x [1+ w1 (y1)$2(y2)] , )

where the mixing functions ¢ (yx), k = 1,2 are bounded and nonconstant functions such as:

[e9)

| 4wy = o. ©

—00

Lee (1996, §4) explores a general approach for finding the mixing function ¥ (yx), and proves that

for marginal distributions with support in R, the mixing function is given by:

4 It is straightforward to write the results of this section for discrete variables. The same characterization could be obtained
using probability frequency functions rather than probability density functions. Notice that Ay & R can define the set of natural
numbers. See Examples 6.2 and 6.3 in Lee (1996).



We(yr) = exp(—yi) — Le(1),  Vyr >0, 4)

where L (1) is the value of the Laplace transform of the marginal distribution evaluated at { = 1, that is:
Le(§) = /eXP(—éyk)fk(}/k)dyk at {=1. )
0

For expression (2) to properly define a bivariate density function the value of wy, needs to fulfill

the following constraint:
wip € R: T+ wppi(y)ge(y2) 20 Yy, v2. (6)

The Sarmanov family contains the Farlie-Gumbel-Morgenstern family of distributions as noticed by John-
son, Balakrishnan, and Kotz (2000, §44.13). The Sarmanov family shows wider range for correlation coeffi-

cients. Indeed, Lee (1996) shows that restriction (6) holds when wy; falls within the following bounds:

-1 1
@12 = L (D La(1), [T — LA — L]}~ = max{L ([ — La()], 1 — Li(1)]L2(1)}

= W12,

@)
which needs to be fulfilled for every observation in the sample. Finally, notice that integrating y1y, with

respect to (2) and making use of (9), the product moment is:

E [y1y2] = papia + wipviva, 8)

where v} indicates the mixing function weighted mean:

Vg = / Vi (i) fe (i) dyr = —Li (1) — Li(1) pc, )

which makes use of the definition of Li(1) given in (5) and where L; (1) denotes the value of the derivative
of the Laplace transform of the assumed marginal distribution also evaluated at { = 1. Thus, the correlation

coefficient of a well defined Sarmanov distribution can be written as:

_ w1y

1
107 (10)

P12

Thus, when w1y = 0 the correlation parameter is p1o = 0, and variables y; and v, are independent.’

5 Although most econometric studies focus on the estimation of correlation coefficients, other measures of associations could
also be computed. Shubina and Lee (2004) study how condition (7) constrains the valid range of correlation (10) for different marginal
distributions. These authors also show that the maximum ranges of other association measures such as Kendall’s tau and Spearman’s
rank correlation coefficient are independent of the assumed marginal distributions.
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3 A Bivariate Double Poisson-Sarmanov Count Data Regression Model

Let yx = 0,1,2,... be distributed according to a double Poisson distribution with parameters y; and 6,
conditional on a set of regressors xj in a sample withi = 1,2,...,n observations. Efron (1986) shows that

the probability frequency function of a double Poisson distribution is:

Fe(ykl e, ) = c(pr, Ok) fr (v pix, Ox) (11a)
Yk Ok Yk
S Or) = \/@eXp(—f?kuk)eXP(—yk)yykT (%) ’ (11b)
1 d 1-— Gk ( 1 )
[ — L0 ~ 1+ 1+ ,
C(l‘k/ Gk) ka:IOfk(ykLuk k) 126k}’lk kak (11C)

where e = exp(1), fr(vk|p, 0x) denotes the exact double Poisson density, and fi (v |k, 0x) is the approx-
imate probability mass function for the double Poisson family. The constant c(p, 6)) makes f(y|ux, 0x)
integrate to 1. Efron (1986) shows that c(py, 6 ) nearly equals 1 and thus he concludes that f (v |pk, 0k) is
a good approximation for fi(yi|ux, 68x). The obvious advantage of the double Poisson over the standard
Poisson distribution is that the mean and variance do not depend on the same single parameter. Thus,
Efron (1986) also shows that conditional on a set of regressors xj, the expected count corresponding to

observation i and its variance are:

Elykilxki] = ppi, (12a)
Hki
0y = Var[yg|x] = 5*- (12b)

Hence, the double Poisson includes the standard Poisson as a particular case when 6, = 1 but it allows for
overdispersion when 6; < 1 as well as for underdispersion if 0y > 1. As it is commonly the case for count
data regression models , I will specify an exponential mean function relating the observable characteristics

to the expected number of counts:
Hi = exp (xkiBrc) - (13)

Using Stirling’s formula z! ~ \/271z - z* - exp(—2z) for z = yj and z = 6y, the frequency function

(11b) is accurately approximated by:®

(O i) OV

T(Oryx+1)° (14)

Fe(rlpr, Ok) = O exp(—Oxpu)

6 The use of Stirling’s formula eases the estimation considerably and explains the fact that many of the relationships presented
below to build the double Poisson-Sarmanov model are indeed approximations rather than equalities.
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This expression is useful to obtain an approximation to the Laplace transform of the double Poisson distri-

bution, which evaluated at { = 1 becomes:

. (Oxp) ¥ exp(—yi)
Li(1 g, 0k) =~ c(uy, 0;)0r exp(—0 . 15
k (L, Ok) = c(pk, Ok ) Ok exp( kﬂk)ykZ::O @yt 1) (15)

Thus, according to (4), the approximate mixing function of the double Poisson-Sarmanov distribution is:

S (Bcpt) ¥k exp(—yi)
,00) ~ exp(— —c( Uy, 0r) 0 exp(—0 . 16
i (Yl p, Ok) p(—yx) — c(px, Ok ) O exp( kyk)y;o T @+ 1) (16)

Next, approximating (9) for the case of the double Poisson distribution we get:

(gk,uk)ekyk exp( yk)
Vi (Mg, 0k) =~ c(pg, 01)0 —Op — Ug) , 17
k( k k) ( k k) kEXP( k k) ykz(] F(Gk]/k 1) (yk k) ( )

so that the approximate correlation coefficient of two double Poisson distributed counts corresponding to
(10) is:

e

2 e(pk, 06) 0k exp(—6ipux) (Opti) Pk exp(—yi) 2
~ — = ,00) . 18
P12 wlzg { 6 ykZ:O T @+ 1) (yk — ) ¢ = wn2 kljl Q(ui,6r). (18)

Combining all these elements into (2) we obtain the probability of observing simultaneously a pair

of counts {y1,y>} according to the double Poisson-Sarmanov distribution:

2 0,141, ) Ok¥k
f1z(y1,y2) ~ (H {c(yk, Gk)ek eXP(_kak)l%}) X
2 ) 0
o B (B pt )" exp(—Ym) 19
n!;[l exp(—ym) — c(tm, Om)Om exp(—Ompim) y;o T(0ym + 1) } (19)
1+ 012 2
11 Q(pm, )

In addition, for this bivariate double Poisson-Sarmanov to be coherent, the constraint corresponding to the
general case (7) needs to hold. Making use of (15) and (18), the constraint can be written in terms of p1, as

follows:

2 2
wip [ [ Qi k) <p12 < @i [ [ QUuk,bk) Vi (20)
k=1 k=1



4 A Bivariate Gamma-Sarmanov Count Data Regression Model

In this section I focus on the bivariate version of the Sarmanov count data regression model assuming
gamma distributed arrival times that define the counting process.” For convenience, let t; > 0 denote the
waiting time for events of type k to occur. The joint distribution of waiting times of events of type 1 and 2 is
represented by g1o(t1, t2) while gx(tx), k=1,2 are the corresponding marginal distributions. I assume that
these marginal distributions of waiting time have the following gamma probability density functions with

shape parameter 6; > 0 and inverse scale parameter a; > 0:

O 0 —1
w T exp(—agty)

= 21
Sk (e o) o)) , 1)
with mean py = 6y /a; and variance a]% =0,/ (x% and where I'(6;) denotes the gamma function:
L(6r) = /779"’1 exp(—n)dr . (22)
0

Let consider a renewal process where {t;, > 0}, for g, € N denotes the waiting times between the
(qx — 1) and the q,tch event of type k. Waiting times between events of the same type are assumed to be
independently and identically distributed with gamma density function (21). Notice that in any given time
interval (0, T) the number of observed events of type k, N/, (i.e., renewals of type k) is a count variable that
is determined by the independent realizations of the corresponding waiting times. Cox (1962, p.40) shows

that the asymptotic distribution of N, kT is:

[XkT {XkT

=N [(9,(’9,31 ) (23)

Thus, the variance-to-mean ratio of the asymptotic distribution of N/ is 1/6y, which leads to the result that

2T
NkT ~ N 1,%
Mk ]/lk

the distribution of counts of type k is asymptotically underdispersed whenever 6, > 1 and vice versa. As in

(13), I parameterize the expected number of events as the following exponential mean function:

“ .
o = e (ap) ey

where xy; is the vector of k regressors of observation i that enter the specification of the mean and variance

of the distribution of N]. The set of parameters to be estimated includes the scalar 6 and the vector B

’Statisticians call this model renewal process with unobservable gamma interarrival times. To my knowledge, this is the first
model that addresses the estimation of a bivariate renewal process. For univariate renewal processes. See Miller and Bhat (1997).
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so that equation (24) coincides with the common parameterization of the Poisson regression model when

0, = 1. The arrival time of the q,tch event (g = 1,2,3,...) is just the sum of the waiting times of g renewals:

Tk
T = ) to (25)
9=1
Due to the reproductive property of the gamma distribution, the sum (25) of independent and identically
distributed gamma variables is also gamma distributed with the following probability density function:
Ok 9k —1

a* kT, exp(—axTy,)
T |00y, ) = —5—1 k2 26
Sk (Tqy |9k 0k, k) (000 (26)

with mean pg, = 40y /a; and variance (fqzk = qi0x/ ai. It follows that the (marginal) probability distribution

function of 1, is simply the incomplete gamma function ratio:

Prob(t;, < Tlag, 0k) = Gi(qxbr, axT) =

T x6x al o 4

114 qxkCk
/ k 2 exp(—z)dz, (27)
0

s exp(—ars)ds =
P(—as) / T(qx0k)

which indicates the probability that arrival time of the q,t(h event of type k does not exceeds T. Thus, within
the fixed time interval (0, T), the total number of events of type k, g, =N kT , that occur are intimately related

to the total waiting time of those renewals to take place:
Ve <qr < 1, >T. (28)

Therefore:
Prob(yx < qx) = Prob(ty, > T|ay, 0k) = 1 — Gr(qxbk, axT) . (29)

Noticing that G(0, axT) =1, it is then straightforward to show that the probability that an exact number of

events of type i takes place during the interval (0, T) is:

Prob(yx=qx) = Prob(yx < g +1) — Prob(yx < i) = G(qibk, axT) — Gi((qx + 1)8k, a4, T) . (30)

Proceeding similarly, we can account for the realization of two types of events in a given time

interval (0, T). The joint probability of observing at least Nj and N, events of type 1 and 2, respectively is:

Prob(y, < q1,¥2 < q2) = Prob(ty, > T, 715, > T), (31)



where this bivariate survival function can be written as:
Prob(ty, > T, 74, > T) = 1 —Prob(t;, < T) —Prob(ty, < T) + Prob(t;, < T,1, < T). (32)
The probability of observing an exact number of events of each type can then be written as follows:

Prob(y1=q1,y2=¢2) = [Prob(y1 < g1 +1,y2 < g2 +1) —Prob(y1 < q1,y2 < g2 +1)]
— [Prob(y1 < g1+ 1,y2 < g2) —Prob(y1 < q1,¥2 < 92)] 33)
= [Prob(ty,41 > T, 75,41 > T) — Prob(ty, > T, 7y41 > T)]
— [Prob(ty, 41 > T, 7, > T) — Prob(ty, > T, 15, > T)] .

After applying (32) repeatedly to every element of (33) the general expression for the joint probability of

encountering a particular pair of count realizations can be rewritten as:

Prob(y1=q1,12=q2) = I:Prob(qu+] <T, 741 < T) —Prob(t;, <T, Tgpt1 < T)]

(34)
— [Prob(ty,41 < T, 75, < T) —Prob(ty;, < T, 1, < T)] .

In order to write the bivariate gamma-Sarmanov distribution I first apply (4) to obtain the mixing

function, which is:

g 9k Ok
Vi (g |90k ) = exp(—Tq,) — <1+ak> , (35)

since the Laplace transform of the gamma distribution evaluated at { = 1 is:

o 9k
Lic(1|qxb, ax) = <1+0¢k) : (36)

Second, the mixing function weighted mean (9) of a counting process generated by a gamma distributed

0
_qkek 1 le JkY%

p— 7

Y g <1+0¢k> (1+“k> ’ 37

so that after computing (10) the correlation between arrival times #; and t; is:

arrival time is:

L () ()"
= W .
012 12 11 qrYk 1+ a

14 oy

Finally, I use the following property of the gamma function repeatedly to simplify the expression

of the gamma-Sarmanov distribution:

—10-



« — (kb
selmlndon 1) = (1250) T ep(-m)gm e, o). 9)

Combining (2), (35), (38), and (39), the joint probability density function of the gamma-Sarmanov

distributed arrival times 7;, and 7, can be written as follows:

812(Tq,, T3 19101, 4262, 1, &2, p12) =

[2 kO kb —1

Hock T exp(—axTy,) y
Pl T'(qx6k)

2 Ok
IT+wp]] (eXP(qu) - <1jikwk>q )]

i=1

2 aﬂkequkekfl exp(—a Ty, ) 9262
- g p k Ty T _ _ &2
= |JI} r(qkek) X |14+ wip exp( Ty qu) eXp( qu) (1 n 062)
9161 9101 926>
X1 X1 X2
el Tq2)<1+0¢1> +(1+0€1> (1+0<2) )] (40)
(14+a1)(14ap)

= 81(Tg, 19161, 1) 82(T4, 19262, 42) + p12 V3160192602
{gl(‘&h 17101, 01 +1)82(Tq, (9202, a2 + 1) — &1(T4, 9101, 1 + 1)82(T, (9202, &2)
— 174, 9101, 1) 82 (T, | 9262, &2 + 1) + g1 (T, | 7161, 1) 82 (g5 |9262, txz)}
= g1(Tg, 7101, 1) 82 (T, | 9202, 2) + p12h1 (Tg, [9161, @1 ) 2 (T4, [ 7262, 22)

where for the sake of a more concise notation I made use of the following two definitions:

1+ oy
Wi (T, a0k, ) = | 8k (Tg 19500, 4k + 1) — Gic(Tq, | 9xO, k) , 41a
k(Tg, 1916k, k) [g 91 8k (T |q }\/qTGk (41a)
T
Hy(qx0x, ax) = /hk(5k|‘7k9k/ o )dsy . (41b)
0

A most useful feature of the gamma-Sarmanov family is that due to the reproductive property of
the gamma distribution (26), the evaluation of the bivariate distribution of counts reduces to a linear com-
bination of products of single dimensional and easy to compute integrals (incomplete gamma functions).

To see this, notice that the join distribution function of 7;, and 1, can be written as:®

8 This expression could be use to estimate a multivariate duration model such as the analysis of multiple spells between
births of Heckman and Walker (1990) using Swedish data and the multiple transition models reviewed by Van Den Berg (2001).
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TT
Prob(ty, < T,7;, <T) = // 812(51,5219101, 202, a1, &1, p12)ds1ds,
00 (42)

= G1(q161,21)G2(q202, 42) 4 p12H1 (9161, a1) H2(g262, a2) .

Finally, applying (42) to each element of equation (34) and after some algebra we can obtain the

probability of observing a particular pair of count events (41, 42):

Prob(y1=q1,y2=42) = [G1 (9161,41) — G1 ((q1 +1)61,41) | [Ga (9262, &2) — G2 ((q2 +1)62,2) |
+P12[[H1 (4161, 1) — Hy ((q1 +1)61, 1) | [Hz (9262, 22) — Ha ((q2 + 1)602, ) H

:<k

where L,ﬁl is the lead operator applied on the g;-component of functions G(-) and H(-).

[(1- Lq*kl)Gk (9k0k, k) | + p12 H [(1- Hk (90, ) | *3)

|
e

»
l

:Nb—l

) 2 [(1— L") Hi (qi0k, ) |
[(1— Lg.") G (k0 k) }> X <1 +pi2 ] L:_kl)Gk (qiB%, k) | )

k=1

Il
—

Thus, contrary to all existing multivariate count data models, the bivariate gamma-Sarmanov count
data regression model reduces the evaluation of a multidimensional probability density function to a linear
combination of single dimensional integrals. This feature of the model survives the generalization of the
family of bivariate gamma-Sarmanov distributions to higher dimensions. The only limitation of the present
approach is that while the correlation coefficient can take positive or negative values independently of the
dispersion pattern of the marginal distributions, its range is constrained by the estimates of the rest of
parameters through equation (7). After substituting (36) into (7) and combining the result with (38) the

constraint of the gamma-Sarmanov distribution can be written in terms of pj, as follows :

,ﬁf (mk) (75)"

< <
aq 9101 oy 4202 a0 9161 oy q202 =P
max 1-—
1+ el 1+« 1+ X1 1+ 1%

2 o kb
I1vad (14 ) ()

a0 7161 a 9202 a0 9161
max 1-— , 11—
140w 14+ ay 1+aq
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5 Multivariate Extensions

Multivariate extensions of this model are of clear interest for practical purposes. Lee (1996, §8) suggests the

following generalization of the joint density function of a multivariate Sarmanov distribution:

fion(Yi, - yn) = [ka Yk ] (14 Ry, 00 (Y1, Yn)] (45)

where:

1 + RlPlr--v‘l’nrnn (yl’ : ’yn =1 + ZZ wl1lz H lplm ylm

1<ll<lz<1’l

(46)
n
+ 1)) Wi, H o, )+ F @i [T ¥mWm) >0, Yy1,..o,yn.
m=1

1<ll<lz<13<n

In this section I generalize both models to deal with three simultaneous count variables and I leave the

multivariate generalization for Appendix A.

5.1 The Trivariate Double Poisson-Sarmanov Distribution

Extending the double Poisson-Sarmanov to more than two dimensions reduces to repeating the analysis of
Section 3 and substituting the probability frequency function (14) and mixing function (16) into (45) and

(46). The trivariate double Poisson-Sarmanov distribution follows easily from combining (19) and (45):

f123(y1 2 y3) = ﬁ {C(Vk Gk)ek exp(—Qkyk) (ek.uk)ekyk }
wars) = [ LL e FOi+ 1)
2 >, (6),,11,,) mYm exp(—yy,)
1_[1 exp(—y,,) — c(p,,, 01, )01, exp(=0,,1,) ). Ty +1)
m= ylm: mJ tm
1+ 22 Pul, 2
1<l <h<n H Q(Vlmrelm) (47)
m=1
ﬁ exp(—ym) — ¢(tm, Om)Om exp(—Ompm) i Oonpon) 2" eXp(—yn)
m=1 ’ ym:() r(gmym + 1)
+ 0123 3 ,
H Q(pm, Om)

m=1
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where, similarly to equation (10), the higher order correlation coefficient is given by:

W13V V3

=212 4
123 10003 (48)
which in turn makes use of the product moment:
E[y1y2ys] = papiapis + wipavivavs . (49)

5.2 The Trivariate Gamma-Sarmanov Distribution

Extending the bivariate gamma-Sarmanov distribution of Section 4 to several dimensions requires obtain-
ing an expression for Prob(y; =41, . . ., y» =¢») similar to (34) using the equivalence between the probability
of a multivariate count event and the corresponding multivariate renewal process as stated in equation (31).
The only added difficulty of extending the gamma-Sarmanov model to multiple dimensions has to do with
the multivariate equivalent of constraint (44), which becomes increasingly more complicated as the number

of dimensions, 7, increases.

Deriving the probability of encountering a particular combination of three counts according to the
gamma-Sarmanov distribution is more involved although it has the advantage that it can be expressed
as a linear combination of single dimensional integrals and that it can be easily generalized to higher

dimensional cases. To begin with, the trivariate survival function can be written as follows:

Prob(ty, > T, 74, > T, 7y, > T) = 1 —Prob(7y, < T) — Prob(t;, < T) — Prob(t, < T)
+Prob(ty, < T,15, < T) +Prob(ty, <T,15, < T) (50)

+Prob(t;, < T,15 < T)—Prob(ty, <T,75, <T,75, <T).

Following the same logic than in deriving equation (34), the probability of observing a particular combina-

tion of events of each type is:

Prob(y1 = q1,y2 = 42, Y3 = q3) =
([Prob(ys < 1+ 1,42 < g2+ 1,y5 < g3 +1) — Prob(ys < qu,y> < 32+ 1,3 < g3 +1)]

— [Prob(y1 <q1+Ly2 < q2,y3 < g3+ 1) —Prob(y1 < q1,¥2 < q2,y3 < 93 + 1)] ) (51)
—([Prob(y1 Squ+Ly2<q2+1y3 < q3) —Prob(y1 < q1,y2 < g2+ 1 y3 < q3)]

— [Prob(y1 < g1+ 1,y2 < q2,y3 < q3) — Prob(y1 < q1,y2 < 92,3 < q3)] ) ,
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so that:
Prob(y1 = q1,y2 = 42,y3 = 43) =
( [Prob(ty, 41 > 1,Tg,41 > 1, Tgy01 > 1) — Prob(ty, > 1, 7g,01 > 1, 7341 > 1)]
— [Prob(ty, 1 = 1,7, = 1,Tpyi1 2 1) = Prob(ty, 2 1,75, 2 L1 2 1)] ) (52)
—( [Prob(ty,+1 > 1,Tg41 > 1,75, > 1) — Prob(ty, > 1, 75,41 > 1,75, > 1)]
— [Prob(ty, 41 = 1,7 = 1,73 2 1) = Prob(ty, = 1,75, > 1,75, 2 1)] ).

Substituting (50) repeatedly into (52), the general expression for the probability of a particular combination
of these three counts is:

Prob(y1 = 1,42 = 42,3 = 43) =
( [Prob(ty,+1 < 1,Tg,41 < 1,741 < 1) = Prob(tg, <1, 75,41 <1, 75,41 < 1)]
— [Prob(ty, 1 < 1,7, 1,1 1) = Prob(ty, <17, S L1 <1)] ) (59)
—( [Prob(ty,+1 < 1,741 < 1,75, < 1) = Prob(ty, <1,75,41 < 1,75 < 1)]

— [Prob(y, 1 < 1,7, < 1,75 < 1) Prob(ty, 1,75, < 1,75, <1)] ).

The trivariate gamma-Sarmanov probability density function is then written similarly to equation (40):

3 zxk’rq"erl exp(—axTy, )
8125 (T, Tap, T3 | 9161, 9202, 9363, a1, 02, 43, 012, P13, P23, p123) = | [ [ —= T8 ) x
i1 (qkk)
2 D(l /| 91,,, 3 - Qmem
e 2T an IT fept=m,) ~ (752 ) e IT |eet-m) - (752-) 7 |).
1< <I,<3 m=1 Im m=1 m

(54)

where correlation coefficients p;; are defined in terms of w;; as in equations (48)-(49), while the higher order
correlation coefficient pi1p3 is defined as in (48)-(49). In both cases, these correlations do not refer to y1, y»
and y3 but to the arrival times 77, T and 13. After making extensive use of these relationships, definitions

(41a)-(41b), and some algebra, the trivariate gamma-Sarmanov probability function becomes:

8(Tg1, Ty Ty 19161, 4202, 4363, 01, &2, &3, P12, 013, 023, P123) = 81 (Ty, |9161, 41)82 (T4, G202, 22) 83(Ty5 19363, 3)
+012h1 (T4, 9161, 21 ) h2(T4, 19202, €2) 83 (745 193603, a3) +p13h1 (T4, | 9161, a1 ) 13 (1459363, 43) $2(T4, (9262, a2)

+023h2 (T4, 19202, 22) 13 (T4, 19363, 23) §1 (T4, [9101, @1) +012351 (T4, 9161, 1) B2 (T4, 1262, 22 ) 13 (745 |9303, &3)
(55)
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and thus:

TTT

Prob(ty, < T,75, < T,75, < T) = /// 8123(51, 52,83 )ds1dsodss = G1 (g, |-) Ga (T4, |+) G3 (T4, |-)
000

+ p12H1 (T4, |-) H2 (T4, |-) G3 (745 |-) + p13H1 (T4, | ) G2 (T4, |- ) H3 (T35 )
+ 023G1 (g, |- ) H2 (g, |- ) H3 (g5 |-) + 0123 H1 (79, |-) Ha (T, |- ) H3 (7351 ) -

(56)

Substituting this expression into each element of (53) and grouping them conveniently leads to the follow-
ing operational expression to evaluate the probability of encountering a particular combination of three

count events:

3
Prob(y1=q1,y2=0q2,y3=03) = (H [(1- Lrﬁl)Gk(lek/"‘k)]> X
k=1
(57)
2 |: 1 — Lq_l )Hlm (qlmglm,ﬂclm)} 3 (1 — Lq_ml)Hq(qmem, DCm)}

1+ 22 plllZH lm

1
1<h <L <3 - |: - qum )Glm (qlm Blm’ lem)

} + 0123 ,L[l {(1

- Lcﬁtl)cq(‘imerm “m)}

6 Estimation

Despite the apparently cumbersome notation, estimation of the two proposed models is relatively straight-
forward. Take for instance the scalar realizations y1; and y; of two count random variables given two
vectors of regressors x1; and xp;, parameter vectors 1 and 1y;, as well as parameter scalar wq,. Estimation
by maximum likelihood maximizes the probability of jointly observing {y11, Y21}, {v12, ¥22}, - - -, {¥1n, Yon }

in the sample. Using the general Sarmanov distribution (2), the log-likelihood function can be written as:

n 2
L (v, v2,w12) = Y Y In fie (il %kir vii) + Zln 1+ w2 Hll’k (Yil%wir Yii) | - (58)
i—1k=1 i-1 k=1

Notice that wyy only enters the term between brackets. The estimation thus proceeds iteratively,

alternatively fixing the value of wqy or 41 and 7, until we achieve convergence. Initial values %0) nd

0)

4, ' are obtained under the assumption of independence, i.e., setting wq, = 0 and estimating two separate

count data regression models. The initial estimate of wj, is obtained by grid search, evaluating (58) over

the interval defined by the constraint (7) while holding the estimated ,ﬁo) and '?éo) constant. With this new

~(0) () (1)

value of @,,’, new estimates 4, ’ and 1, ’ are obtained by maximizing (58) while holding wj, constant at

~(0)

the estimated value @,;,". The process is repeated until convergence is achieved.
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Estimating a trivariate or multivariate model is slightly more convoluted because in principle
equation (46) would allow for multiple combinations of correlations coefficients that fulfill such constraint.
However, the solution to this maximization problem is unique because Lee (1996, Theorem 5a) states that
if {y1,y2,...,yn} are jointly distributed according to a n-variate Sarmanov distribution, then any subset of
{y1,¥2,--.,yn} will also be distributed as a Sarmanov distribution. To see how this helps estimating the
different correlation coefficients of a multivariate Sarmanov distribution, consider the trivariate case. The

log-likelihood function of the trivariate case is:

n 3
L (71,72, 73, W12, W13, W23, Wi23) = Y, Z In fi (YrilXkis Yii)
i=1k=1
(59)
+Zm1+ZZCWJPMWMmﬂw+MMj%%WHM

1< <L, <3

Under the assumption of independence, single dimensional count data regressions produce initial

estimates for 71, 92, and 73. Conditioning on ,ﬁo) and ')750) in (58) we obtain the estimate wgg) by the

(0)

grid search procedure described above. The same approach can be used to obtain estimates w;," and
wgg) while conditioning the likelihood function (58) on {'?50),'?:5’0)} and {'?éo), A(O)} respectively. Then,

~(0)

maximizing (59) produces an estimate of wyp3 while holding all the other parameters constant. Once @,,3

has been obtained, new estimates 'y£ ), 'yg ), and 'y( )

w0 ~0) ~(0)

W1y, W15, Wys', w123} constant. This procedure is then repeated until convergence is achieved.

are estimated by maximizing (59) while holding

At this point we need to be concerned with two issues. First, can we consistently estimate param-
eters that may lie on the boundary generically defined by condition (6)? Notice that the Sarmanov model
only imposes a constraint on the correlation coefficient. All other parameters, although they define the
range of variation of the correlation coefficient, remain unrestricted. Furthermore, the range defined by (7)
is a compact convex set so that any estimate of the correlation coefficient includes its neighborhood, thus
fulfilling the requirements of Andrews (2000, §4.2) who studies the asymptotic distributions of estimators

when the true parameter lies on the boundary of the parameter space.’

The second issue refers to how we should obtain consistent inference for these parameter estimates.
We need to address the possibility that estimated parameters may lie on the boundary defined by the cor-
responding constraint, i.e., (20) and (44), respectively. Andrews (1999) shows that standard bootstrapping
does not produce consistent inference when a parameter is on the boundary of the parameter space defined
by a nonlinear inequality such as general conditions (6) and (46) for the bivariate and multivariate case,

respectively. Rather than computing common bootstrap standard errors Andrews (1999, §6.4) suggests

9 All estimates of correlation coefficients reported below fall in the interior of the compact convex set defined by [w;,, @12]-
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the use of a rescaled bootstrap method in which bootstrap samples of size b < n are employed.!’ An-
drews (2000, §4) shows that this modified bootstrapping approach produces consistent standard errors
estimates regardless of whether the true parameter is on a boundary of the parameter space or not. I thus
employ rescaled bootstrapping to produce consistent inference for these constrained maximum-likelihood
estimates. To speed up the process of obtaining robust inference I follow Andrews (2002) and compute a

10-step version of the rescaled bootstrap.

Two additional issues regarding the econometric implementation of these two models are discussed
at length in Appendix B. First, for the double Poisson-Sarmanov model we have to decide how many terms
of the infinite sums in equations (15)-(19) to account for in the estimation. In general, longer series are
needed the more overdispersed the distribution of counts is. Second, the realizations of the endogenous
count variables critically condition the range of the correlation parameter in the gamma-Sarmanov case.
Since gy enters the numerator of constraint (44), the range of p1, becomes nil as soon as a single realization
of q; and g, are both zero. This is not the case in the application of the next section as the minimum
value of the endogenous variables is always one. One potential alternative to address this problem of the
gamma-Sarmanov case is to re-scale the endogenous variables. However, Appendix B shows the allowable
range of the correlation parameter of the corresponding waiting times widens non-monotonically as the
minimum of the endogenous counts takes higher values. Therefore, in practice, the gamma-Sarmanov
model is less capable of handling multivariate counts than the double Poisson-Sarmanov model, whose
range of viable correlation coefficients is affected by the estimates of the rest of parameters of the model

only, and not by the particular values of the endogenous counts.

7 Number of Tariff Options in Duopoly Competition

Firms engaging in price discrimination commonly offer a few tariff options to screen a heterogeneous
customer base. In principle the set of fully nonlinear tariffs offered by two competing firms are the best
response to each other’s tariffs given the distribution of consumer heterogeneity. The few existing the-
oretical results on this area show that equilibrium in nonlinear tariffs exists both in common agency or
in exclusive agency environments (see Stole (2005) for an overview). However, such results refer to fully

nonlinear tariffs rather than how tariffs are commonly implemented, i.e., , through a menu of tariff options.

19 Horowitz (2001, §2.2) calls the rescaled bootstrapping replacement subsampling and discusses how it outperforms bootstrap-
ping when the bootstrap is inconsistent. In the case of rescaled bootstrapping we use a given number of bootstrap samples of size
b where some of these samples might be repeated. This differentiates rescaled bootstrapping from subsampling where some or all
n!/[b!(n — b)!] samples of size b (always without repetition) are employed in estimating each replication, e.g., see Politis, Romano, and
Wolf (1999, §2.1).
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Table 1: Frequency Distributions of Number of Tariff Options

1984-1988 1992
Incumbent Entrant Incumbent Entrant

Tariff Options Cases Rel.Freq. Cases Rel.Freq. Cases Rel Freq. Cases Rel.Freq.
1 14 0.0269 3 0.0423 51 0.0979 5 0.0704

2 71 0.1363 7 0.0986 76 0.1459 3 0.0423

3 198 0.3800 5 0.0704 122 0.2342 13 0.1831

4 128 0.2457 16 0.2254 162 0.3109 18 0.2535

5 63 0.1209 40 0.5634 55 0.1056 32 0.4507

6 47 0.0902 0 0.0000 55 0.1056 0 0.0000
Mean, (Var.) 3.5681 (1.4651) 41690  (1.3996) 34971 (1.9774) 3.9718  (1.4563)

Absolute and relative frequency distributions of the number of tariff options offered by each active firm.

The use of few tariff options to screen consumer might be due to the existence of some com-
mercialization costs or other marketing consideration. Thus, the foregone profits of an additional tariff
will eventually not compensate such cost, as foregone profits decline rapidly with the number of tariff
options, e.g., Wilson (1993, §8.3). Commercialization costs may refer not only to the cost of designing and
selling this additional tariff option, but also the money value of the reputation effect that such strategy
may have with customers who might value tariff complexity negatively. In any case, if this were the only
reason determining the number of tariffs options offered by each carrier, we should expect that the number
of tariffs offered by the first competitor (conditional on available firm and market characteristics) were
uncorrelated with the number of tariff options offered by the second firm in the absence of synergies across

commercialization costs of different firms.

Alternatively, with non-zero correlations the number of tariff options offered becomes strategically
relevant. If correlation among the conditional distribution of counts is positive firms tend to offer a similar
number of tariff options and their numbers are strategic complements. This environment responds to
equilibrium models of nonlinear pricing of Armstrong and Vickers (2001) and Rochet and Stole (2002)
where firms end up offering similar, if not identical, two-part tariffs. On the contrary, if correlation among
the number of tariff options offered is negative, firms might attempt to differentiate their products through
pricing and therefore use the number of tariff options as strategic substitute. Yang and Ye (2008) show that
this situation could arise in mature markets where business stealing, rather than expanding the base of

active customer, is the main effect of price discrimination.

Data, which has been described at length elsewhere,!! contains a complete description of the tariff

options offered by any of the two firms present in the largest markets of the U.S. between 1984 and 1988.

1 See for instance Busse (2000), Miravete and Roller (2004), and Parker and Roller (1997).
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Table 2: Correlation Among Number of Tariff Options

1984-1988 1992

Plans 1 2 3 4 5 6 Al 1 2 3 4 5 6 Al

1 9 0 1 4 0 0 14 0 0 1 1 1 0 3

2 20 35 11 4 0 1 71 2 1 1 2 1 0 7

3 9 15 55 68 26 25 198 1 0 2 1 1 0 5

4 8 19 42 36 9 14 128 0 0 4 3 9 0 16

5 5 7 9 34 7 1 63 2 2 5 11 20 O 40

6 0 0 4 l6 13 14 47 0 O 0 0 0 0 0

All 15 76 122 162 55 55 521 5 3 14 18 32 0 72

Kendall’s T 0.2928 (9.99) 0.1836 (2.26)

Total cases for each combination of tariff options offered by the incumbent and entrant firm. Rows indicate the number
of options of the entrant and columns those of the incumbent. Kendall’s T measures the association among the number
of tariff options. The corresponding absolute value t-statistics are shown in parentheses. There are 521 pairs of tariff
strategies in the 1984-1988 sample and 72 pairs in the 1992 sample.

I thus can compute the number of tariff options of each firm, PLANS. This information was collected by
Economic and Management Consultants International, Inc. and reported in Cellular Price and Marketing Letter,
Information Enterprises, various issues, 1984-1988. For year 1992, YEAR92, Marciano (2000) combined
information from Cellular Directions, Inc., the Cellular Telephone Industry Association, and direct interviews

with managers.

Table 1 presents the histogram of the actual and effective number of tariff options by type of cellular
carrier. Incumbents offer 3.5 and entrants 4 tariff options on average. When comparing pricing over time,
it appears that there is a very slight reduction of options from 1984-1988 to 1992. Notice also that the
unconditional distribution of tariff plans is always underdispersed, i.e., the variance of the distribution of
number of plans never exceeds the mean, which is the opposite of what most count data regression models

address as the consequence of unobserved heterogeneity.

Table 2 indicates that the number of tariff options appear to be strategic complements when we
measure the association between these strategies unconditionally of any firm or market observed hetero-
geneity. It is clear from this table that in the 1984-1988 period, firms frequently offer either the same or very
similar number of tariff options. Between 1984 and 1988, firms offered the same number of tariff options
in 30% of cases while in 71% of cases, the difference between the number of tariff plans offered by the
incumbent and the entrant does not exceed one. In the 1992 sample these percentages increase up to 71%

and 75% of cases, respectively.
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Table 3: Descriptive Statistics

Incumbent Entrant
Variables Mean Std.Dev. Mean Std.Dev.
PLANS 3.6402 1.2219 3.5541 1.3915
YEAR92 0.1199 0.3252 0.1199 0.3252
COMMUTING 3.1428 0.1512 3.1428 0.1512
POPULATION 0.0793 0.9583 0.0793 0.9583
EDUCATION 2.5752 0.0352 2.5752 0.0352
BUSINESS 3.2840 0.8876 3.2840 0.8876
GROWTH 0.9361 1.0274 0.9361 1.0274
INCOME 3.6406 0.1318 3.6406 0.1318
MULTIMARKET 3.1824 2.2808 3.1824 2.2808
REGULATED 0.5270 0.4997 0.5270 0.4997
AMERITECH 0.1554 0.3626 0.0942 0.2206
BELLATL 0.0574 0.2329 0.0671 0.1725
BELLSTH 0.0878 0.2833 0.0600 0.1652
CENTEL 0.0895 0.2857 0.0541 0.1623
CONTEL 0.0507 0.2195 0.0270 0.1204
GTE 0.1436 0.3510 0.0777 0.1970
MCCAW 0.2782 0.2473
NYNEX 0.0963 0.2952 0.0550 0.1734
PACTEL 0.0220 0.1467 0.0388 0.1354
SWBELL 0.1334 0.3403 0.0802 0.2174
USWEST 0.0895 0.2857 0.0566 0.1638

All variables are defined in the text. The number of observations is 592.

Table 3 presents the market and firm specific characteristics used in the estimation.'”> COMMUTING
refers to the average daily commuting time in minutes in each city; POPULATION represents the number of
inhabitants in each market measured in millions; EDUCATION is the median number of years of schooling;
GROWTH is the average percent growth of the population in the 1980’s; INCOME measures the median
income in thousands of dollars; and BUSINESS accounts for the number of business in sectors with high
demand for cellular services of each market and measured in thousands of firms.!3 With the exception
of GROWTH, all these variables are measured in logarithms. Two other interesting market indicators are
MULTIMARKET and REGULATED. The former is the number of markets in which a particular couple of firms

12 Other regressors are available but they are not significant neither equation.

13 Businesses with potential high cellular demand include service firms, health care, professional, and legal services, contract
construction, transportation, finance, insurance, and real estate. The source of all these demographics is the 1989 Statistical Abstracts of
the United States; U.S. Department of Commerce, Bureau of the Census, using the Federal Communication Commission (FCC) Cellular
Boundary Notices, 1982-1987, available in The Cellular Market Data Book, EMCI, Inc., as well as the 1990 U.S. Decennial Census.
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Table 4: Double Poisson — Sarmanov Regression

Independent Regressions Sarmanov Regression
Variables Incumbent Entrant Incumbent Entrant
CONSTANT 2.3986 (0.47) -12.5831 (1.79) 2.3967 (25.87) -12.6123 (27.21)
YEAR92 0.7212 (6.87) 0.6151 (4.18) 0.7115 (2.69) 0.6216 (2.98)
COMMUTING -1.1548 (1.92) 1.5559 (2.06) -1.1798 (11.88) 1.5674 (13.16)
POPULATION —-0.0489 (0.40) 0.0743 (0.59) —-0.0475 (0.41) 0.0652 (0.48)
EDUCATION 0.1227 (0.06) 2.8608 (0.97) 0.1284 (1.66) 2.8691 (20.19)
BUSINESS 0.0333 (0.26) -0.2681 (2.01) 0.0237 (0.19) -0.2694 (1.85)
GROWTH 0.0891 (1.51) —-0.4534 (6.76) 0.0874 (0.98) —-0.4500 (4.51)
INCOME 1.4633 (2.32) 1.3248 (1.64) 1.4941 (14.12) 1.3347 (13.57)
MULTIMARKET 0.0409 (1.80) 0.1082 (4.06) 0.0394 (0.80) 0.1037 (1.71)
REGULATED 0.0928 (0.87) 0.6520 (4.66) 0.0815 (0.54) 0.6342 (4.31)
AMERITECH -0.2183 (0.87) 0.3169 (0.63) -0.2299 (1.76) 0.2406 (1.80)
BELLATL 1.0770 (4.97) 0.1317 (0.31) 1.0957 (5.78) 0.0848 (0.54)
BELLSTH -1.2825 (6.09) -0.9200 (2.07) -1.2362 (5.91) -0.9414 (5.77)
CENTEL -0.2719 (1.26) 1.3981 (2.94) -0.2827 (1.58) 1.3036 (8.43)
CONTEL -0.8500 (3.70) -0.7116 (1.42) -0.8524 (3.71) -0.7340 (5.68)
GTE -1.1022 (6.38) —-0.1997 (0.52) -1.0929 (5.81) —-0.2429 (1.41)
MCCAW 0.8311 (2.76) 0.8508 (4.67)
NYNEX 0.9543 (5.30) 0.9591 (2.37) 0.9632 (5.53) 0.8880 (4.76)
PACTEL -1.2295 (4.07) -0.0734 (0.11) -1.1967 (6.29) —-0.0748 (0.76)
SWBELL —0.5886 (2.53) 0.0341 (0.06) —-0.5839 (3.49) -0.0037 (0.03)
USWEST -0.0150 (0.08) 0.7996 (1.69) -0.0048 (0.03) 0.7491 (4.27)
0 3.6324 (16.37) 2.3895 (15.24) 3.6585 (15.60) 24113 (13.82)
0 0.0396 (3.46)
-InL 830.16 942.49 1,766.60

Marginal effects evaluated at the sample mean of regressors. Endogenous variables are the number of tariff options of of each
competing firm. The absolute value of a 2,000 replication, scaled, 10-step, bootsrapped t-statistics are reported between parentheses.

compete against each other.!# The latter is a dummy variable that indicates whether new tariffs need to be
approved by the regulator.!® Lastly, in order to control for potential firm effects, I include firm dummies to
identify the largest shareholder of each cellular carrier (available from the FCC). Only those carriers with
at least 4% of licenses in this sample are identified. They are: Ameritech Mobile (AMERITECH), Bell Atlantic
Mobile (BELLATL), Bell South Mobile (BELLSTH), Century Cellular (CENTEL), Contel Cellular (CONTEL), GTE
Mobilnet (GTE), McCaw Communications (MCCAW), Nynex Mobile (NYNEX), PacTel Mobile Access (PACTEL),
SouthWest Bell (SWBELL), and US West Cellular (USWEST). Lastly, YEAR92 identifies those observations from
1992, when arguably, the cellular market had matured.

14 Busse (2000) addresses the relationship between multimarket contact on collusion so that the offering of certain tariff
features allow firms to coordinate pricing.

15 Shew (1994) documents that the possibility of having request approval of new tariffs in the future prompts firms in this
industry to offer an “excessive” number of options when they enter the market, the only time when they do not have to seek such
approval as cost data is not yet available.
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Table 5: Gamma — Sarmanov Regression

Independent Regressions Sarmanov Regression
Variables Incumbent Entrant Incumbent Entrant
CONSTANT 3.3596 (0.67) -12.0638 (1.75) 13.6188 (16.22) -39.2506 (17.74)
YEAR92 0.7200 (6.86) 0.6095 (4.21) 3.8871 (5.21) 2.0284 (4.47)
COMMUTING -1.1582 (1.96) 1.6326 (2.21) -5.3870 (10.28) 4.7878 (11.37)
POPULATION -0.0467 (0.39) 0.0702 (0.57) -0.2773 (0.55) 0.1628 (0.42)
EDUCATION 0.1294 (0.06) 2.9608 (1.03) 0.9545 (2.76) 9.7543 (17.20)
BUSINESS 0.0297 (0.23) -0.2715 (2.09) 0.0318 (0.06) -0.8568 (1.80)
GROWTH 0.0875 (1.49) -0.4535 (6.86) 0.4239 (1.52) -1.3151 (5.10)
INCOME 1.4560 (2.34) 1.2625 (1.59) 7.4807 (14.01) 4.2245 (11.48)
MULTIMARKET 0.0386 (1.69) 0.1066 (4.07) 0.1805 (1.35) 0.3038 (3.08)
REGULATED 0.0858 (0.82) 0.6436 (4.67) 0.4665 (0.98) 1.9622 (5.64)
AMERITECH -0.2346 (0.94) 0.2848 (0.57) -1.3512 (2.69) 0.4139 (1.07)
BELLATL 1.0929 (5.15) 0.1097 (0.26) 5.0187 (5.17) -0.2938 (0.53)
BELLSTH -1.2607 (5.96) -0.9010 (2.06) -6.4693 (6.64) -3.3252 (6.25)
CENTEL -0.2849 (1.34) 1.3797 (2.96) -1.8101 (2.33) 3.3430 (7.80)
CONTEL -0.8488 (3.71) -0.7085 (1.43) —4.6046 (6.19) -2.5703 (6.47)
GTE -1.0911 (6.39) -0.2198 (0.58) -5.5656 (7.29) -1.2687 (2.42)
MCCAW 0.8317 (2.82) 2.1798 (3.95)
NYNEX 0.9610 (5.44) 0.9366 (2.34) 4.5916 (6.44) 2.4639 (4.80)
PACTEL -1.2207 (4.08) -0.0894 (0.13) -6.0404 (5.91) -0.7025 (2.13)
SWBELL -0.5889 (2.57) 0.0191 (0.04) -3.1432 (4.37) -0.5999 (1.71)
USWEST -0.0152 (0.08) 0.8032 (1.72) -0.2628 (0.43) 1.8433 (4.20)
6 4.4532 (13.86) 2.8243 (13.31) 4.7869 (17.00) 2.9505 (18.98)
0 0.0115 (2.77)
-InL 828.53 940.49 1,765.43

Marginal effects evaluated at the sample mean of regressors. Endogenous variables are the number of tariff options of of each
competing firm. The absolute value of a 2,000 replication, scaled, 10-step, bootsrapped t-statistics are reported between parentheses.

Tables 4 and 5 present the results of the estimation of the bivariate double-Poisson and gamma
Sarmanov count data regressions model, respectively. In all cases, estimates capture the fact that the
distribution of number of tariffs are positively correlated and underdispersed. These tables also report
the estimates of the corresponding, restricted, independent, count data regression models. Table 4 shows
that marginal effects are very similar but only when we compare the independent double Poisson and the
double Poisson-Sarmanov regressions. However the estimation of the correlation coefficient p is signifi-
cant and thus the estimates of the model under independence are no longer consistent. The correlation
coefficient of the gamma-Sarmanov model of Table 5 is also positive and significant. Furthermore, notice
that independent double Poisson and independent gamma count estimates are also very similar. Only the
gamma-Sarmanov estimates with non-zero correlation are, in absolute value, an order of magnitude larger
than any of the other estimates. Table 6 in Appendix B shows that this is because the estimates of the

correlated gamma-Sarmanov model are not robust to the re-scaling of the endogenous counts.
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Estimates of correlation between the counts are always small but positive and significant, therefore
supporting the view that the number of tariff options offered by competing cellular carriers are strategic
complements.!® Thus, it appears that firms do not use more options to differentiate from each other and
grow at the expense of the competitor. This result is reasonable in an early market where there is room
for both firms to grow by signing up new customers. The likelihood ratio test rejects the independent
regression model in favor of the Sarmanov regression in both cases, independently of the assumed marginal
distribution. For the double Poisson case, the value of the test is 6.05 (0.01 p-value) while for the gamma
case, this test is 7.17 (0.01 p-value). Estimates vary in non-systematic ways regardless of whether we
consider the double Poisson-Sarmanov or the gamma-Sarmanov model, i.e., the estimates obtained un-
der assumption of independence do not always overestimate or underestimate those from the Sarmanov

regression.

Ownership fixed effects are generally significant and market characteristics tend to have the same
sign both as determinant of the number of tariffs of the incumbent and the entrant (although sometimes in
one of the equations they fail to be significant). INCOME and YEAR92 have a positive effect on the number
of tariffs offered by both competing carriers while MULTIMARKET only has a positive effect on the number
of tariff options offered by the entrant. GROWTH and BUSINESS have a negative effect on the number of
tariff options offered by the entrant only, the latter being only marginally significant. These negative signs
could be reconciled with situations where dynamic pricing considerations and switching cost are present.
In the absence of a fast growing economy or if business customers are not numerous, the entrant has to offer
several tariff options to segment the market of smaller users in order to induce them to subscribe. Offering
just one or few tariffs that are less expensive than those offered by the incumbent will not secure the bulk
of high valuation customers as the incumbent has previously targeted them and locked them in long term
contracts. Finally, COMMUTING is the only variable that shows a significant opposite effect for each firm: in

markets with longer commuting times entrants offer more tariff options than incumbents.

8 Concluding Remarks

The Sarmanov count data models presented in this paper can accommodate both over and underdispersion
and allows for the possibility that counts are not only positively but also negatively correlated. Further-
more, these two features of the joint distribution of counts are not driven by a common unobserved factor
to all univariate marginal distributions and the parameterization of the likelihood function allows for all

possible combinations of over or underdispersed marginals and correlation of any sign. The Sarmanov

16 Correlation coefficient bounds given by (20) and (44) are [—0.0014,0.0480] and [—0.0084,0.0136] for the double Poisson-
Sarmanov and the gamma-Sarmanov models, respectively. Although tight, they always include the estimate of the correlation
coefficient and its neighborhood as interior points.

Y



model thus overcomes most existing impediments to estimate a full multivariate count data regression

model, thus reducing the risk of misspecification bias.

The paper has presented and estimated two particular versions of the Sarmanov model. The double
Poisson-Sarmanov assumes that the marginal distributions of the counts are double-Poisson. This distribu-
tion defines the correlation directly on the counts and its implementation of arbitrarily close approximations
to its Laplace transform. The gamma-Sarmanov model does not define the correlation among counts
directly but rather on the waiting times that defines a multivariate renewal process. The advantage is that
the multivariate likelihood function of the gamma-Sarmanov model takes advantage of the reproductive
property of gamma distributions, and thus it can be expressed as a product of single-dimensional integrals.
The major drawback of this second model though is that it is not appropriate to address situations where the

endogenous counts take zero values as it turns the constraint on the correlation coefficient into a singleton.

Results from a particular application to study the pricing strategies of cellular carriers in the U.S. dur-
ing the mid-1980s show that ignoring the possibility of correlation between the number of tariffs offered by
the competing duopolists leads to biased estimates of the effects of explanatory variables included in the
model. Positive correlations among the counts, even after controlling for market and firm characteristics
indicate that firms do not attempt to differentiate from each other by offering a significantly different
number of tariff plans. We can thus conclude that the number of tariff options offered by these firms can be

considered strategic complements.
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Appendix

A The Multivariate Case

The multivariate double Poisson-Sarmanov distribution is obtained by extending equation (47) along the
lines of the generalization (45) suggested by Lee (1996, §8):

3 (Bcpuse) v }
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f123(y1,v2,y3) LE{ (#r O ) B exp "V")r(ekyk+1)
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(A1)

For the gamma-Sarmanov model, multivariate extensions beyond three dimensions are easily ob-
tained after tediously repeating the steps of Section 5.2. Suppose we want to estimate an n-variate, gamma-
Sarmanov count data regression model. To derive the multivariate analogs of equations (32) and (50), we
need a general expression for the multivariate survival function:

n
Prob(tg, > T,... 7y, > T) =1~ ) Prob(zy <T)+ ) ) Prob(yy <T 1, <T)
k=1

= 1< <h<n

- YY) Prob(qu1 <T,7, <T 1, < T) (A2)

1<h <h<lz<n

+o 4 (=1)"Prob(ty, < T, 7, <T,1, <T).
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Making use again of the properties of the gamma distribution, the multivariate density (45) leads to the
following expression for the multivariate gamma-Sarmanov distribution that corresponds to (42) and (47)

in the main text:

Hl 0, ,«
Prob(ty, < T,..., 1, < T) (H Gr(Tg, |- ) (1 + ZZ oLl H M +

1< <h<n qlmelm’alm)
(A3)

2 0, & H (a6

1<l <lh<I3<n m=1 (%nglm alm) m=1 Gm (qmem/ Dém)

Therefore, after computing Prob(y; = 41, ...,Yn = gn) from the multivariate survival equation (A.2) and
substituting (A.3) into each term of this probability, the likelihood of observing any particular n-tuple
{41,92,--.,qn} corresponding to equations (43) and (57) in the main text is:

Prob(y1=q1,...,Yn=qn) =

3 2 — Ly )Hy, (q1,1,,, 1,)
(H[ Gk(‘?kekr"‘k)]> < (14 32 enn, H { q_lnl }
k= 1<l <lh<n { qum)Glm (qlmelm,lem)}
3 L_l )Hlm (qlmelm’lxlm) n (1 — L;}})Hm (qmem, lxm)
ZZZ Pl H [ } + 01200 H [ - }
1<l <lp<I3<n = { - qum )G, (q1,,01,,, oclm)} m=1 [(1 —Lg, )Gm(qu)m,zxm)}
(A4)

B Econometric Implementation

Many of the expressions of the double Poisson-Sarmanov model include the sum of an infinite series that

need to be approximated for the purpose of estimation. Equations (15)-(19) include the following element:

i (O5cpize) P exp (—yi) . (B.1)

Sk(#klek) = F(kak+1)

yx=0

Notice that for 6; = 1, the series Sy (i, 6x) converges to:

g bwepCO (B, B2)

Sk(Vk/ 1) =
Yx=0 y!
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because of the well known Taylor expansion of the exponential function. Using Stirling’s formula:

: (Bpsc) % exp(—yi) . 1 . ( i ) e 16
lim = lim ——— - lim | == - lim [exp(— k=0,
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(B.3)
so that the sum Si(py, 0x) converges for any value of 6. However, the length of the series needed to
approximate sum S (g, 0y ) varies greatly with 6;. We can rewrite equation (B.1) as:

Sk, 6) = i [(9k‘uk)9kexp(_1)}yk !

, (B4)
=0 Yi! (Oky)!

to show that the number of elements of the sum in (B.1) needed to approximate Si (i, 6x) with any given
precision decreases with 6, and in general, longer series are needed to approximate Sy (jix, 6x) when the
distribution of y; is overdispersed. The following expression can be used to determine the length of the
series, i.e., the value of y; needed to increase estimate of Sy (y, 0x) by at least 5:17

Ok Yk
y{(6) € argmin ) expl-l! " = (85)

Vel
Vi 27Oy \ Yk

Contrary to the double Poisson-Sarmanov, the gamma-Sarmanov model does not build upon the
distribution of the counts but rather on the multivariate distribution of arrival times associated to each
type of event. The consequence is that the constraint (44), or its multivariate counterpart (46), becomes
extremely tight if there are observations with zeroes in any dimension. Indeed if the sample includes just
one observation with zeros in all dimensions, {71,492} = {0,0}, those constraints become a singleton. This
result follows from constraint (44) in the bivariate case, as gx enters the squared root of the numerator. Thus,
(44) becomes 0 < p1p < 0.

There are at least two possibilities to circumvent this difficulty. One is to restrict the application
of the gamma-Sarmanov model to situations where the endogenous counts exclude zeroes. This is the
case of the present application since cellular carriers need to offer at least one tariff option if they are
active. The second alternative is to re-scale the endogenous variable to v, = gx + ¢. Table 6 compares
the estimates of the main text to alternative definitions of y; for ¢ € {—0.5,—0.25,0.25,0.50} in order
to evaluate whether this re-scaling has any effect on the sign and size of the estimated parameters and
correlation coefficients. Sign and significance of parameter estimates are robust but not their size. Absolute
estimates values become larger as g increases while the estimate of p becomes larger the closer ¢ is to zero.
Thus, re-scaling allows us to obtain an estimate of the parameters, including a non-zero p but the double

Poisson-Sarmanov outperforms the gamma-Sarmanov model when the endogenous counts include zeroes.

17 The estimation uses the first 40 elements of the infinite series to approximate (B.1), leading to an approximation error
§=7x10"1 fory; and 6 = 1 x 10~77 for y, at the current estimated values of the parameters. Consequently, varying the number of
elements from 30 to 50 has no practical consequences for the estimation of the double Poisson-Sarmanov model.
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Table 6: Gamma — Sarmanov Regression

Variables g; —0.50 g; —0.25 q; +0.25 g; +0.50
Incumbent

CONSTANT 6.2553 (13.77) 9.6897 (14.95) 17.5328 (14.30) 22.8900 (12.89)
YEAR92 3.2848 (4.69) 3.7105 (4.47) 4.1992 (4.62) 4.5202 (4.43)
COMMUTING -4.5129 (11.71) -5.6022 (11.19) -5.7804 (10.67) —6.2680 (10.74)
POPULATION -0.2318 (0.57) -0.3348 (0.72) -0.3040 (0.56) -0.3249 (0.55)
EDUCATION 0.9550 (4.16) 2.8217 (8.56) 1.2495 (4.06) 1.1467 (3.11)
BUSINESS 0.0225 (0.05) 0.1622 (0.33) 0.0440 (0.08) 0.0563 (0.09)
GROWTH 0.3585 (1.31) 0.5008 (1.53) 0.4563 (1.26) 0.4936 (1.27)
INCOME 6.3171 (11.67) 6.8356 (10.32) 7.9562 (11.26) 8.5434 (12.07)
MULTIMARKET 0.1612 (1.01) 0.1845 (0.95) 0.1898 (1.11) 0.1991 (1.10)
REGULATED 0.3985 (0.79) 0.6236 (1.19) 0.5155 (0.85) 0.5583 (0.87)
AMERITECH -1.1200 (2.20) -2.0652 (3.65) -1.4732 (2.34) -1.6053 (2.26)
BELLATL 4.2097 (5.19) 4.2530 (4.97) 5.4100 (5.83) 5.7984 (5.43)
BELLSTH —-5.5745 (8.71) -7.4564 (7.10) -6.9358 (6.15) -7.4081 (6.08)
CENTEL -1.4865 (2.17) -2.6263 (3.24) -1.9823 (2.30) -2.1662 (2.23)
CONTEL -3.9163 (5.95) —5.4874 (6.45) —-4.9587 (4.80) -5.3267 (4.92)
GTE —4.7547 (6.45) —-6.5454 (7.36) -5.9863 (6.49) —6.4134 (6.16)
NYNEX 3.8586 (6.46) 3.9321 (6.10) 4.9587 (6.25) 5.3103 (6.23)
PACTEL -5.1267 (6.79) —-6.8463 (7.03) -6.4992 (6.71) —6.9933 (6.61)
SWBELL —2.6569 (4.03) -4.0878 (4.65) -3.4077 (4.40) -3.6738 (4.10)
USWEST -0.2104 (0.38) -1.2412 (1.78) -0.3066 (0.38) -0.3547 (0.42)
01 4.0881 (15.96) 4.8538 (16.12) 5.1392 (15.11) 5.4930 (13.76)
Entrant

CONSTANT -37.0262 (9.49) -37.9920 (13.00) -40.3350 (14.56) -40.8613 (13.50)
YEAR92 1.6869 (4.55) 1.7333 (4.07) 2.1986 (4.23) 2.3701 (3.88)
COMMUTING 3.9989 (8.76) 4.2782 (9.90) 5.1966 (11.58) 5.5911 (11.15)
POPULATION 0.1454 (0.52) 0.1357 (0.42) 0.1705 (0.40) 0.1765 (0.39)
EDUCATION 8.6876 (8.99) 9.0227 (12.07) 10.5322 (13.28) 11.2097 (12.96)
BUSINESS -0.7294 (2.21) -0.8009 (2.01) -0.9178 (1.79) —-0.9756 (1.80)
GROWTH -1.1227 (4.86) -1.2127 (4.77) -1.4088 (4.57) -1.4990 (4.31)
INCOME 3.5168 (8.52) 4.1546 (10.67) 4.5070 (10.47) 4.8003 (9.68)
MULTIMARKET 0.2626 (2.05) 0.2807 (2.36) 0.3230 (2.62) 0.3416 (2.63)
REGULATED 1.6543 (4.69) 1.8414 (4.80) 2.1163 (4.63) 2.2683 (4.18)
AMERITECH 0.3271 (1.30) 0.1543 (0.55) 0.4482 (1.20) 0.4862 (1.17)
BELLATL -0.2594 (0.71) -0.5497 (1.44) -0.3175 (0.67) -0.3443 (0.62)
BELLSTH —2.8575 (7.16) -3.3553 (9.05) -3.5567 (7.18) -3.7884 (6.63)
CENTEL 2.8025 (10.23) 2.8240 (9.32) 3.5896 (8.31) 3.8329 (8.31)
CONTEL —2.2878 (6.21) —2.6606 (7.10) -2.7112 (6.86) —2.8522 (6.24)
GTE -1.0714 (2.53) -1.4739 (3.50) -1.3747 (2.66) -1.4788 (2.48)
MCCAW 1.8056 (4.49) 1.9977 (3.57) 2.3533 (4.59) 2.5311 (4.45)
NYNEX 2.0863 (3.42) 2.0475 (4.76) 2.6469 (5.13) 2.8226 (4.29)
PACTEL -0.6136 (3.22) -0.8522 (2.79) -0.7577 (2.55) —-0.8086 (2.32)
SWBELL -0.5418 (1.86) -0.8090 (2.62) -0.6476 (1.78) -0.6919 (1.81)
USWEST 1.4736 (6.01) 1.4076 (4.80) 1.9981 (3.90) 2.1531 (3.82)
0> 2.4897 (11.87) 2.7692 (17.15) 3.1733 (16.74) 3.3932 (14.55)
0 0.0108 (1.83) 0.0105 (1.97) 0.0113 (2.46) 0.0109 (2.42)
-InL 1,769.68 1,769.70 1,764.26 1,763.45

Marginal effects evaluated at the sample mean of regressors. Endogenous variables are the number of tariff options of of each
competing firm. The absolute value of a 2,000 replication, scaled, 10-step, bootsrapped t-statistics are reported between parentheses.
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