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OPTIMAL NONPARAMETRIC ESTIMATION OF
FIRST-PRICE AUCTIONS

By EMMANUEL GUERRE, ISABELLE PERRIGNE, AND QUANG VUONG'

This paper proposes a general approach and a computationally convenient estimation
procedure for the structural analysis of auction data. Considering first-price sealed-bid
auction models within the independent private value paradigm, we show that the underly-
ing distribution of bidders’ private values is identified from observed bids and the number
of actual bidders without any parametric assumptions. Using the theory of minimax, we
establish the best rate of uniform convergence at which the latent density of private values

~ can be estimated nonparametrically from available data. We then propose a two-step
kernel-based estimator that converges at the optimal rate.
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1. INTRODUCTION

IN RECENT YEARS THE EMPIRICAL ANALYSIS of auction data has attracted a lot of
attention (see Porter (1995) and Laffont (1997) for recent surveys). First,
auctions are frequently used to exchange commodities and to allocate public
projects through procurements. Thus many auction data are now available.
Second, the theory of auctions has considerably expanded since Vickrey’s (1961)
seminal paper due to the development of the Bayesian Nash equilibrium
concept by Harsanyi (1967). Third, after many years of intense theoretical
developments, modern industrial organization is facing the challenge of its
empirical usefulness. As argued by Sutton (1993), auction models, which empha-
size asymmetric information and strategic behavior, are the most favorable case
for facing this challenge.

Starting with Paarsch (1992), a few empirical papers have adopted a fully
structural econometric approach, which has exclusively relied upon a parametric
specification of the bidders’ private values distribution. As is well known, even
for first-price sealed-bid auctions with independent private values, the structural
analysis has suffered from the numerical complexity associated with the compu-
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tation of the Bayesian Nash equilibrium strategy. As a result, only very simple
parametric specifications of the latent distribution of private values have been
entertained. More recently, Laffont and Vuong (1993) and Laffont, Ossard, and
Vuong (1995) have proposed some computationally convenient estimation meth-
ods based on simulations that allow for general parametric specifications.

The main purpose of this paper is to address three fundamental issues at the
heart of the structural analysis: (i) Does a theoretical auction model place any
restrictions on observable data to be testable? (ii) Does a structural approach
require a priori parametric information about the structural elements to identify
the model under consideration? (iii) Can an estimation procedure be proposed
that does not rely upon parametric assumptions and that is computationally
feasible? We answer these issues for the symmetric first-price auction model
within the independent private value (IPV) paradigm.

In particular, we propose an indirect two-step procedure for estimating the
distribution of bidders’ private values from observed bids, which requires neither
parametric assumptions nor the computations of the Bayesian Nash equilibrium
strategy. The crucial idea of our method is that each private value can be
expressed as a function of the corresponding bid, the distribution of observed
bids, and the corresponding density function. The first step then consists in
constructing a sample of pseudo private values based on kernel estimates of the
distribution and density functions of observed bids. In a second step, this pseudo
sample is used to estimate nonparametrically the density of bidders’ private
values. We establish the uniform consistency of our estimator and show its
optimality in the sense that it attains the best uniform convergence rate for
estimating the latent density of private values from observed bids.

Our results are important for several reasons. First, on economic grounds,
policy conclusions based on our fully nonparametric procedure are necessarily
robust to misspecifications of the underlying distribution. Moreover, because
economic theory does impose some restrictions on the distribution of observed
bids, one can test in principle the validity of the theoretical auction model
without making strong parametric assumptions on its structural elements. Sec-
ond, from a statistical point of view our estimator applies nonparametric
techniques in each step of a structural estimation method.> Our first main
statistical contribution is to derive the best rate of uniform convergence of
nonparametric estimates of the density of (unobserved) private values from
observed bids. To this end, we apply the minimax theory as developed by
Ibragimov and Has’minskii (1981). To our knowledge, such a theory has been
seldom applied in econometric work. We show that our two-step nonparametric
estimator attains this optimal rate using suitably chosen bandwidths. Third, on
computational grounds, our estimation procedure avoids the numerical diffi-

2Though in recent years nonparametric techniques have been used in two-step estimation
procedures, typically the second step concentrates on the estimation of a finite dimensional
parameter. Only a few authors have used nonparametric techniques in both steps of an estimation
procedure. For an example in a regression context, see Ahn (1995) who does not characterize the
lower bound for his problem and whose two-step nonparametric estimator is suboptimal in the
minimax sense.
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culties that have plagued the structural analysis of auction data. Indeed, because
it is indirect and fully parametric, our procedure requires neither the numerical
determination of the Bayesian Nash equilibrium bid function nor iterative
optimization algorithms. Such computational advantages are especially crucial
when the Bayesian Nash equilibrium strategy is the solution of a differential
equation that cannot be solved explicitly. As a result, the structural analysis of
many auction models that are known to be untractable become readily accessi-
ble through our indirect method.

The paper is organized as follows. In Section 2, we present the first-price
sealed-bid auction model with independent private values. To present the basic
ideas, we consider first a nonbinding reservation price, and illustrate our
procedure with some Monte Carlo experiments. In Section 3, we establish its
asymptotic properties allowing for a varying number of bidders and heterogene-
ity across auctions. Specifically, we derive the optimal uniform convergence rate
for estimating the density of private values from observed bids. We prove the
uniform convergence of the pseudo sample as well as the optimality of our
two-step nonparametric estimator. In Section 4, we consider the case where the
reservation price is binding. In Section 5, we stress the generality of our
procedure and indicate some future lines of research. Three Appendices contain
the proofs of our results.

2. MODEL, IDENTIFICATION, ESTIMATION
2.1. The First-Price Auction Model

A single and indivisible object is auctioned. All bids are collected simultane-
ously. The object is sold to the highest bidder who pays his bid to the seller,
provided the bid is at least as high as a reservation price p,. In such an
institutional framework each bidder does not know others’ bids when forming
his bid. Within the IPV paradigm, each potential buyer i = 1,..., [ is assumed to
have a private value v; for the auctioned object. Each bidder does not know
other bidders’ private values but knows that all private values including his own
have been drawn independently from a common distribution F(-), which is
absolutely continuous with density f(-) and support [v,7] € R, . The distribution
of private values F(-), the number of potential bidders 7, and the reservation
price p, are common knowledge with p, €[v,7]. In particular, all bidders are
identical ex ante and the game is said to be symmetric. Each bidder is assumed
to be risk neutral.

The (unique) symmetric differentiable Bayesian Nash equilibrium of the
corresponding game of incomplete information was characterized by Riley and
Samuelson (1981) among others. Specifically, assuming 7 > 2, the equilibrium
bid b; of the ith bidder is

(D b,.=s(v,-,F,I,p0)Eui———11_—Ilei(F(u))]_ldu
(F(v))  py
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if v;>p,. If v; <p,, then b; can be any value strictly less than the reservation
price p,. This strategy is obtained by solving the first-order differential equation
in s(-):

flw) 1

F(v) s'(v)’

with boundary condition s(p,) =p,. The equilibrium strategy (1) is strictly
increasing in v; on [ p,, 0], and expresses the equilibrium bid as a function of the
bidder’s private value, the distribution of private values, the number of bidders,
and the reservation price.

In general, bids are observed while private values are unobserved. The
preceding theoretical model leads to a closely related structural econometric
model. Specifically, because b, is a function of v, which is random and
distributed as F(-), then b, is also random with a distribution G(-) (say) that is
uniquely determined by (1). This simple observation is the basis of the structural
analysis of auction data. It has led to the development of maximum likelihood
estimation methods (see Donald and Paarsch (1993, 1996)) and simulation based
estimation methods (see Laffont and Vuong (1993), Laffont, Ossard, and Vuong
(1995), and Li and Vuong (1997)). In particular, simulation based methods are
convenient and computationally advantageous when moments of bids can be
simulated without determining numerically the equilibrium strategy s(-, F, I, p,)
or its inverse s~ '(:, F, I, p,).

All preceding methods can be viewed as direct methods as they all start from
a parametric specification for F(-) so as to derive expressions for the distribution
and moments of observed bids. In contrast, the estimation method proposed in
this paper is indirect and starts from the estimation of the distribution of
observed bids so as to construct an estimate of the distribution of bidders’
private values. The crucial idea upon which our identification result and estima-
tion procedure rest is to use the differential equation (2) to express each private
value as a known function of the corresponding bid, its distribution and density,
the number of bidders, and the reservation price. As a result, an important
advantage of our procedure is that it requires neither solving the differential
equation (2) nor computing the equilibrium strategy (1) within each iteration of
an optimization procedure. To clarify both the conceptual and the technical
issues, we begin with a nonbinding reservation price, i.e., p, = v so that s(v) =v
until Section 4.

2 I=(v;—s()HI—-1)

2.2. Nonparametric Identification

A fundamental issue in structural estimation is whether the structural ele-
ments of the economic model are identified from available observations. Be-
cause the reservation price is nonbinding, the number / of potential bidders is
equal to the number of actual bidders. Hence [ and b, i=1,...,1, are
observed. Thus the only unknown structural element of the model is the latent
distribution F(-), and the identification problem reduces to whether this distri-
bution is uniquely determined from observed bids.



